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Abstract 

We study a Gibbs measure over Brownian motion with a pair potential which 
depends only on the increments. Assuming a particular form of this pair potential, 
we establish that in the infinite volume limit the Gibbs measure can be viewed as 
Brownian motion moving in a dynamic random environment. Thereby we are in a 
position use the technique of Kipnis and Varadhan and to prove a functional central 
limit theorem. 

1 Introduction 

We consider standard Brownian motion in R , starting at zero, weighted a la Gibbs as 

A/*T,r = ^- exp (- £ £ W(q t -q s ,t-s)dt ds^j W r ° . (1) 

Here t — > qt is a Brownian path, q® = 0, is the path measure of Brownian motion, 
and, in the time window [0, T], the partition function Zt, x normalizes the weighted path 
measure to one. The precise assumptions on the pair potential W will be given below, but 
in essence |W(x,i)| < j(t) with 7 bounded and decaying faster than |t| -3 at infinity. 

Since in Q W depends only on the increments qt — q s , one would expect that under 
rescaling the weighted path measure A/r,r looks like Brownian motion with some effective 
diffusion matrix D. To be more precise, one first has to establish the existence of the limit 
measure 

N T = lim Wt r • 

Let then q t be distributed according to ftf T . We expect the validity of the invariance 
principle 

\i-mJiq t/£ = y/Db(t) (2) 

e^O 

with b{t) standard Brownian motion. 
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The conventional approach for a proof of © is to try to establish good mixing proper- 
ties for the process of increments. For this purpose one maps Q to a one-dimensional spin 
system over N. The single "spin" is a continuous path cr,(i), < t < 1, with Oj(O) = 0. 
Under the a priori measure the spins are independent and distributed according to stan- 
dard Brownian motion W° over the time span [0, 1]. Setting T = N, the interaction from 
(PQ) is then rewritten as 

N-l i i 

V/ / W(a i {t)-a j (s) + A(i,j),i + t-j-s)dtds, (3) 
id=0 Jo Jo 

where A(i,i) = 0, A(i,j) = YX=) a d 1 ) for * > J> and = E£i a lQ) for * < J- 

Clearly, the path is reconstructed from the increments as 

e-l 

q t = a (t) for < t < 1 , q t = ^ cr,(l) + o*(t - £) for £ < t < £ + 1 , 

3=0 

£ = 1, ■ ■ ■ , N — 1. Mixing for one-dimensional spin systems, at the level of generality 
needed here, is investigated by Dobrushin [HE]- Note that the interaction in (JHJ) is many- 
body. Also in the applications we have in mind, W(x, t) only decays like a power in the 
i-variable. Therefore it is not so obvious whether a central limit theorem for qt can be 
deduced with the techniques of [U |5] . 

In our contribution we will prove the invariance principle by using the Kipnis-Varadhan 
theorem .8 J, originally developed to deal with random motion in a random environment. 
This technique, at least in its present form, requires an underlying Markov structure. In 
our context it can be achieved provided W has the particular form 

W(x,t) = -\J \p(k)\ 2 e ik -*e-^^dk (4) 

with 

u(k)>0, w(k)=u(-k), p(k) = p(-k)* and (5) 

^(oT 1 +uj- 2 + uj-' 3 )dk < co. (6) 

The trick is to "linearize" the interaction in (^Q) by introducing the auxiliary stationary 
Ornstein-Uhlenbeck process 4>t{x) with covariance 

Denoting its path measure by G, ® can be rewritten as 

Nr,i = T^Eg (exp (- J p(x - q t )Mx) dx dtj ) W r ° . 
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According to Kipnis and Varadhan the central object is the environment as seen from 
the particle, i.e. the random field 

r]t(x) =(j) t (x + q t ) . 

In the standard applications rjt is Markov with an explicitly given stationary measure. In 
our case, however, we have to first take the limit T — * oo for the joint process qt, 4>t(x)- 
Thereby the stationary measure appears only indirectly and is defined as the solution of 
an eigenvalue problem. In Section 2, we will prove that, in the limit T — ► oo, rjt(x) is 
indeed a stationary, reversible Markov process and will identify its generator, qt can be 
written as an additive functional over 774(3;) plus a martingale with stationary increments. 
Following Kipnis and Varadhan, in essence, one can thus rely on the martingale central 
limit theorem, with one proviso. It must be ensured that the effective diffusion matrix 
D is strictly positive, see Section 4. Usually this step requires extra considerations and 
is based on lower bound estimates to the variational formula. We did not make much 
progress along these lines. Instead we will rely on an idea of Brascamp, Lebowitz and 
Lieb 3 , which in the present context has been employed before 
We state our main theorem. 

Theorem 1.1 Define Nt,v as in 0) with W given by Qp. 

(i) : Mtt converges locally to a measure N T as T — > 00. 

(ii) : The stochastic process qt induced by N r satisfies a central limit theorem 

\\mJeq t i e = V15b(t) 

in distribution, where < D < 1 as a d x d matrix and b(t) is standard Brownian 
motion. 

(Hi): In addition to assume 

J \g(k)\ 2 \k\ 2 (uj~ 2 + uj- 4 ) dk< 00. 

Then D > 0. 

To make the environment process rjt stationary, one has to choose the symmetric time 
window [— T, T] and to replace in (^Q) by the two-sided Brownian motion W° pinned 
at 0. This leads to the Gibbs measure 

A/- r = -!-exp(- / / W(qt-q s ,t-s)dtds) W° . (7) 
\ J-TJ-T J 

Let Mr,t be A/r,r reflected at the time origin and let Mt,£t = Nrj ® Mt,t- By our assump- 
tions on W, clearly, 

1 dM T ,h , / 
c (LNt 

uniformly in T for some c > 0. Therefore a central limit theorem for M is equivalent to 
central limit theorem for jV r . In the sequel we will prove the invariance principle for (|7|). 
For the convenience of the reader we restate Theorem 1)1.1(1 as 
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Theorem 1.2 Define Mr as in ^ with W given by 

(i) : Nt converges locally to a measure N as T — > oo. 

(ii) : The stochastic process qt, t>0, induced by N satisfies a central limit theorem 




in distribution, where < D < 1 as a d x d matrix, and b(t) is standard Brownian 
motion. 

(Hi): In addition to assume 

j \g(k)\ 2 \k\ 2 {uj- 2 + cj- 4 ) dk < oo. (8) 

Then D > 0. 

Remark: Our work is motivated by the massless Nelson model H]. I n this case 
d = 3, uj(k) = \k\, and p has a fast decay at infinity. The most stringent condition then is 
f \p\ 2 uj~ 3 d 3 k < oo, which requires a decay of W as 

\W(x,t)\ < c(l + Itl 3 ^)" 1 . 

for some 5 > 0. Thus we cannot allow for ^(0) > and need a mild infrared cutoff. 
Physically D" 1 is the effective mass of the quantum particle when coupled to the scalar 
Bose field. 



2 Diffusion driven by a stationary field 

For our particular choice of W, M can be written as the path measure of a diffusion 
driven by a stationary random field. The aim of the present section is to establish this 
representation. 

Let /Co be the real Hilbert space obtained by completing the subspace of L 2 (M rf ) on 
which 

(a,b) Ko = J a{k)^-b{k)* dk. (9) 

is finite with respect to the inner product given by ®. Here a denotes the Fourier 
transform of a, and b(k)* denotes complex conjugation of b(k). 

Let G be the Gaussian measure indexed by ICq. It will be convenient consider G on 
a probability space consisting of distributions. Let A be a strictly positive operator with 
Hilbert-Schmidt inverse in ICq, and let fC be the completion of /Co with respect to the 
Hilbert norm 

\\4>\\ K = \\A- 1 <j ) \\ Ko V^G/C . 

Then G is supported on /C, and 

E G (0(o)^(6)) = (a,b) lc . (a,beD(A)), 
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where <fi is considered as a linear functional defined through the limit 

Mb) = lim M&,yl _ Vn)r 

for any sequence (4> n ) converging to in K. K. is a space of distributions, depending on 
the choice of A. For our purposes, however, the special form of A does not matter. 

For a G /Co, | — ► <K a ) * s an element of L 2 (G). Let Q be the path measure of the infinite 
dimensional (/C-valued) Ornstein-Uhlenbeck process with mean and covariance 



E g (M(a)M(b)) = J m^e-W»m(k)*dk 



(a,b G /C ). 



Q is a reversible Gaussian Markov process with reversible measure G, and t i— > 0t(a) is 
continuous for a G /Co- 

For q G M ', let r q be the shift by q on /C, i.e. (r q <p)(a) = (j){a{. — q)). More generally, 
for / G L 2 (G), we define (r ? /)(0) = f(T q 4>). r q is unitary on L 2 (G) for each </, and g i— ► r g 
is a strongly continuous group on L 2 (G). For T > define 



VT = ~^ (~ / T ^) W ° ^ ^ 



(10) 



Let denote Q conditioned on 4>o = 4>-> an d similarly let W q be two-sided Brownian 
motion conditioned on qo = q. Eyy^g denotes expectation with respect to the measure 
W q (8> ■ In a similar fashion, we will use subscripts to denote the path measures and 
superscripts to denote conditioning throughout the paper. (fT0|) is related to the semigroup 
P t given by ^ 

(P t /)(g,0)=l^fexpf-jf (11) 

for suitable functions / : M. d x /C — > C. By analogy to the Feynman-Kac formula, the 
generator of Pt can be guessed (and will turn out) to be —H, where 



Hf(q, </>) = --Af(q, </>) + H { f(q, <j>) + V e (q, <f>)f(q, (12) 



Above, A is the Laplacian on R d , —iff is the generator of the Ornstein-Uhlenbeck process, 
and V e {q,4>) = t^{q)- 

Let C(R d ,L 2 (G)) be the space of functions / : R d x K -» C such that g i-» /(<?,.) 
is continuous from R d into £ 2 (G), and let Cb(]R rf , L 2 (G)) be the subspace of functions 
/ G C(M d ,L 2 (G)) such that 



,L 2 



(G)) = SU P Wfil, Ollia(G) (I 3 ) 



is finite. We will need to study Pt on two closed subspaces of C&(R , L (G)). The first one 
»d r 2rr\\ _ r -p /"» mrf r2/ 



is 

C (K d ,L 2 (G)) = {/ G a(M d ,L 2 (G)) : , lim J/fa .)IL 2(G) = 0}. 



|<j|->oo 
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The second subspace T is the image of L 2 (G) under the operator 

U : L\G) -» C(M,L 2 (G)), Uf(q,cf>) = r,/(0). 
Since r g is an isometry on L 2 (G) for each g, T equipped with the scalar product 

(f,g) T = EGdU-'fXU-'g)*) = {U~ x f, U^g)^ . (14) 
is a Hilbert space, H/H7- = H/Hioomd x,a(G), and U is an isometry from L 2 {G) onto T. 

Theorem 2.1 is a strongly continuous semigroup of bounded operators on T and on 
Cb(R , L 2 (G)). T/ie generator of Pt on both spaces is given by —H, with H as in Mty) . 
On T, H is a self-adjoint operator. 

The proof is deferred to the appendix. 

We use Pt to establish the infinite volume limits of the measures Vt and Mt- To begin 
with, note that for a function / that depends on {q t : — T < t <T} only, Kj\f T (f) = E-p T (/). 
This can bee seen by explicitly integrating the exponential of a linear functional appearing 
in Ep T (/) with respect to the Gaussian measure Q for fixed path q. Let I C M be an 
interval, and let us write 

5/(q) = - JJ w(q s -q t ,\s-t\)dsdt (q G C(R,M d )) 

in the following. We then have 

(1,P T 1) T = E° W (eVT]), 

and 

M^EG((C(e-^))) S ). 

Reversing time in one of the factors inside the Eg expectation, using the Markov property 
of Q together with the fact that G is the stationary measure of Q and integrating out the 
Gaussian field we obtain 

||Prl|lr = E5v(e 5 ™). (15) 

These formulas are the key to 

Theorem 2.2 The infimum of the spectrum of H acting in T is an eigenvalue of multi- 
plicity one. The corresponding eigenfunction f gT can be chosen strictly positive. 

Proof: By assumption (JHJ) there exists C Q > such that 

5[_ TiT ](q) < S'[_ Ti o](q) + S[ 0) T](q) + C e 

uniformly in the path q. We use this in Q15j) . apply the Markov property of Brownian 
motion in the resulting term and reverse time in one of the factors to get 

\\PtI\\t < e° e (E^e 5 ^])) 2 = e c ^ (1,P T 1)t, 
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and thus 

( h wk)^ e ' c '" (16> 

The family (-Prl/ ||Pt1||-2-)t>o is bounded and thus relatively compact in the weak topol- 
ogy of T. Let \E r be the weak limit along a subsequence (T n ) with T n — > oo as n — > oo. By 
(|T6|) . ^ 7^ 0. We want to establish that ^ is an eigenvalue of Pt. Let [i be the spectral 
measure of H with respect to the vector 1 £ D(H) (domain in T). Then the infimum of 
the support of [i is 

Eq = infsupp(^) = — lim — In ( / e~ Tx d/j 1 (x) ) . 

Eq is also the infimum of the spectrum of H. This follows from the fact that Pt preserves 
positivity: for / £ L°° n D{H) we have 

</,^t/>^< <l/l,^l/l)cr< ll/lli- (1,^1)^- 

for all t > 0, and consequently the infimum of the support of the spectral measure associ- 
ated to / is greater than Eq. Since L°° n D(H) is dense, Eq must be the infimum of the 
spectrum of H. Again by using the spectral measure, we find 

T^oo ||P T+S 1|| T 

and thus (iff , P^) j- = e~ Eot = \\Pt\\- This implies that iff is an eigenfunction of Pt, and 
thus of H. Since Pt is positivity improving, ^ is unique and can be chosen strictly positive 
by the Perron- Frobenius theorem (cf. ^01 > section XIII. 12, vol. 4). □ 

Having existence and uniqueness of *ff under control, the spectral theorem yields 

^ T = e TEo {P T l) -»■ (l,*) r * asT^oo (17) 

in T and thus in L°°(R d , L 2 (G)). 

In the following, ^ will be chosen strictly positive and normalized. In the context of 
the Nelson model, *ff is the ground state of the dressed electron for total momentum zero. 
Its existence (also for small nonzero momentum) was first proven by Frohlich |Zj using a 
completely different method. 

It is now easy to identify the infinite volume limit of the families Vt and Mt- For 
an interval I C R let us denote by Ti the cr-field generated by the point evaluations 
{(qt, (pt) '■ t £ I}. Let V be the probability measure on paths (qt, (j)t)t£M. determined by 

E v (f) = e 2TEo E w ®g {^{q_ T ^. T )e-^T^s{ S )ds^ {qTAT) ^ Qq = ^ (lg) 

for each bounded, J~[-t,T] -measurable function /. From Theorems 12 . II and 12 . 21 we conclude 
that V is the measure of a Markov process with generator L acting as 

Lf = -±(H-E )(yf). (19) 

This is in complete analogy with the ground state transform known from Schrodinger 
semigroups. 
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Proposition 2.3 Vt — > V as T — > oo in the topology of local convergence, i.e. E-p T (/) 
E-p(/) for each bounded, J-^_ t ^-measurable function f and each t > 0. 

Proof: Defining ^>t as in (|17j) . we have for f E J~t and t < T 

^PtU) = ]^T E ^S (*(T-t)(9-t^-t)e~ /! * T9>s(e)d 7^(T-t)fe,^)| 90 = o) 



r 



By dnj) and (l,*) r > 0, *(r-t)/ H^tIIt ^ in T. Moreover, for bounded / G ^"[o,T] 5 
the map Q on L°°(M d , L 2 (G)) with 

{Qg){q, 4>) = E w®e ( ex P (~ J Q T q*Mo) ds ^j /(?! 0t) 

is a bounded linear operator on L°°(M d , L 2 (G)); this follows from \Qg\ < WfWoc Pt\g\ and 
the boundedness of Ft- Thus 

Q{* { T-t)l\\*T\\ T ) T ^°Q* 

in L°°(IR c( , L 2 (G)), and the claim follows. □ 

Theorem 2.4 T/ie family (A/"t)t>0 converges to a probability measure N in the topology 
of local convergence. Moreover, if f G ^r— 1 1] depends only on {q s : —t < s < t} and 
satisfies E^y(|/|) < oo, then also Ejv(|/|) < oo, and Ejv t (/) — ► Ejv(/) /or swc/i /. 

Proof: The first statement follows from Proposition 12.31 when considering functions of 
g only. All the other statements will be proved once we show that there exists C > such 
that 

supE^d/D^CE^d/l) (20) 

T>0 

for all / G ^F[-t,t] ■ To see (|2U|) , first note that 

2C 

Ea/- t (|/|) < e ~z^K> (e s [-r.-*l e ^[-*.*l e %.n|/|) . 

Using the Markov property, stationarity of increments and time reversal invariance of 
two-sided Brownian motion, the latter term above is equal to 

e 2C ^E% (R T (q-t)e S l-^f(q)R T (qt)) , 

where 

R T (q) = -±=E q w (e s l°,T-*) - ^'^-^r 



y/ Zt 1 1 Pt 1 1 1 T 

Rt(q) is therefore independent of q and convergent as T — > oo. Since the pair potential 
W is bounded, also SL^t] is uniformly bounded, and (|20j) follows. □ 

describes the evolution of a particle driven by a stationary field. This field is given 
by the /C-valued process 

rjt is the configuration of the field <pt as seen from the location qt of the particle. 
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Proposition 2.5 The process (f]t)teR *s a reversible Markov process under V . The re- 
versible measure is given by (L r_lx I / ) 2 G. 

Proof: Let f,g G L 2 (G). Then (JTHJ) implies 

E P (f(r) s )g( Vt )) = e^ (Wf, P ]t _ s 0Ug)) T . 

Thus the generator of the r/t-process is unitarily equivalent to the operator L (cf. I|19|)) on 
the Hilbert space (T, ||.||^), where ||/||^ = H^/H-j- ^ ^ s self-adjoint on this Hilbert space, 
LI = 0, and ||1||^ = 1. This proves reversibility. □ 

The significance of the process (rjt)teM. is that it governs the infinitesimal increments of 
the process (qt)teR under J\f. More explicitly, let 7 S M. d be fixed, and h 1 (q) = 7 • q. From 
Proposition 13.21 it will follow that Lh 1 (q,4>) = (7 • V g ln(^))(q, <f>), and thus Lh y £ T. 
With 

j = U~\ 1 - V 3 ln*)eL 2 (G), (21) 
we have L(~f ■ q) = j(rj). This fact is paraphrased by saying that qt is driven by r\t- 



3 The central limit theorem 

In this section we prove a functional central limit theorem for the process (qt)t>o under 
the measure V. The results of the previous section make it possible to apply the Kipnis- 
Varadhan method. The first ingredient is 

Theorem 3.1 U$ Let (yt) be a Markov process with respect to a filtration Tt- Assume that 
(yt) is reversible with respect to a probability measure fio, and that the reversible stationary 
process [i with invariant measure /xo is ergodic. Let V be a fiQ square integrable function 
on the state space with J V d[iQ = 0. Suppose in addition that V is in the domain of L~ 1 / 2 , 
where L is the generator of the process yt- Let 

X t = fv{y s )ds. 
Jo 

Then there exists a square integrable martingale (Nt,J-t) such that 

lim — sup \Xg — N s \ = 

t^co yjt 0<s<t 

in probability with respect to fi, where Xq = Nq = 0. Moreover, 

lim ^({Xt - N t \ 2 ) = 0. 
t— >oo t 

In [S] the theorem is stated for the case that Tt is the filtration generated by the 
process (yt)- From the proof given there, it is obvious that the above modification of the 
theorem is also valid. 
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Let again L be the generator of the "P-process, cf. (ITU)) , and let hy(q) = 7 • q with 
7 G R d fixed. We write 

7 • 9t= \7 ■ 9t- J Lhj(q s ,^ s )dsJ + J L/t 7 ((? s , <f> 8 )) ds. (22) 

The term in brackets will turn out to be an ^-martingale, and Theorem 13.11 will be 
applicable to the remaining term on the right hand side. This gives 7 • qt as the sum of two 
martingales, and the martingale central limit theorem may be applied. We now elaborate 
this program and start with a result that allows us to calculate L(j ■ q). 

Proposition 3.2 If g G C 2 (R d ), then ^Lg G C (M. d , L 2 (G)) . Moreover, 

Lg{q, 0) = -Ag(q) + V q g(q) ■ V 9 In *(g, </>). 

Proof: For a G {1, . . . ,d}, d a = is the generator of the unitary group / 1— > Tt qa f 
on T, and is thus anti-selfadjoint on T. By Proposition l5.il Hf + V e is bounded below on 
T by —a G R, say. Thus 



1 d 



d 
a=l 

This shows d a $> G T. Now by (H - E )^ = and (H { + V e )g^> = g(H { + V g )^> , we find 

(# - E )gV = --VAg - V q g ■ V q V, 
and the proof is complete. □ 

Proposition 3.3 Let j be defined as in \21]) . Then 

M t = 1 -q t - [ j(7] s )ds (23) 
Jo 

is an Tt-martingale with stationary increments under V . The quadratic variation of M t 
is |7| 2 t. 

Proof: Let / G C(R d , R) such that E v (\f(q t )\ 2 ) < 00 for all t > 0, and suppose that Lf 
and L(f 2 ) are in all the L 2 -spaces induced by the images of V under (q, eft) (q tj cp t ),t > 0. 
Then ^ 

U t f-f= [ U s Lfds 
Jo 

in all the L 2 -spaces introduced above. In the terminology of [gj, (f,Lf) is in the full 
generator of the transition semigroup IT = e tE °-^Pt^ of the "P-process. It follows that 
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M t = f(qi) — fo Lf(q s ,(f> s ) ds is a square integrable martingale, and a direct calculation 
gives 

E v ((M t ) 2 ) = E P (M 2 ) + f E v {L(f 2 )(q s , S ) - 2f(q s )Lf(q s , 0,)) ds. 



Using this general theory and the fact that L( 7 ■ q) = j(rj), we just have to check that 
/(<?) = 7 " 9 fulfills the integrability conditions required at the beginning of the proof. 
Using Proposition 13.21 and Theorem 12.41 this is immediate. □ 

Proposition 3.4 As t — > oo ; 

lim ±Ep(( 7 • %) 2 ) = | 7 | 2 - 2 < 7 • V g tf, (if - £b) _1 7 ■ V 9 *) r . (24) 

Proo/: By 

Ep((7 • = M^t ) - E P \(J*j{Vs) ds^j ^ + 2E P (( 7 • <&) ^ J'fe) dsj . (25) 
The third term in (|25[) is zero. This can be seen as follows: We have 

EP ( (7 ' %) Io jiVs) dS ) = E " v((7 ' %)/(q)) ' 



where 



i(q) =E g ^(r/ )e-/o^(e)^ (J%(v>)dA *(»?*) 



and q denotes a path (gt)tgR. Put </ s = (ft_ s — Then by the reversibility of Q and the 
fact that Q is invariant under the constant shift by r qt , we have i(q) = i(q). Moreover 
q~t = —qt, W°-almost surely, and W° is invariant under the transformation q i— > q. Thus 

Ew((7 • qt)I(q)) = -E^(( 7 • ft)I(q)) = 0. 

From Proposition 13.31 we know that E-p(M 2 ) = | 7 | 2 t. Let lit denote again the transition 
semigroup of V . Then 

2^ 



-E v ( (J j( Vs ) ds)j = jjds£dr(i- V q In % II| r _ s|7 • V q In ) 



t^oo 



-2 < 7 ■ V, In *,iTVV ? In = 

= 2 ( 7 • V q ^>, (H - £'o) _1 7 • V q ^) T . 

Note that the last quantity is automatically finite; this follows from (|25j) and the positivity 
of P%. The proof is completed. □ 

Theorem 3.5 For the process qt under V , a functional central limit theorem holds, i.e. 
as e — > ; the process t \— ► y/eqt/eit — 0> converges in distribution to Brownian motion with 
diffusion matrix D given by 

D aP = 6 a(3 -2 (d a *, (H - Eo)~ 1 d^) r , (a, = 1, . . . , d). 
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Proof: We have to check that the process r] s and the functional j fulfill the assumptions 
of Theorem 13.11 If so, (|22[) shows that qt is the sum of two martingales with stationary 
increments and one negligible process, and the martingale functional central limit theorem 
can be applied. The diffusion matrix can then be obtained from (|24|) by choosing the 
canonical basis vectors e a in place of 7 and polarization. For checking conditions of 
Theorem note that Epfj^) 2 ) < 00 was shown in the proof of Proposition 13.21 and 
(f24|) implies j £ D(L~ 1/2 ). Moreover, E v (rj t ) = Yl la d a ^) r = since d a is anti- 
selfadjoint on T and ^ is real-valued. Finally, r} s is a reversible Markov process with 
respect to Tt by Proposition 12.51 and is ergodic, since Pt is positivity improving. □ 



4 Lower bound for the diffusion matrix 

To complete the proof of Theorem ll.2l we still have to show that D > 0. For this purpose 
we follow ideas from Brascamp et al. jH], who study fluctuations for anharmonic lattices, 
one particular case of which is the path measure Mt when discretized. Our main effort is 
to show that the desired lower bound survives in the limits of zero discretization and of 
T — > 00. 

Let us discretize [— T, T] with step-size e, Ne = T, and approximate (0 through 

N 



— exp[-H £ (x)] ] [ dxj = hn 



Ziy 

j=-N 

as a probability measure on M. 2Nd with 

j N-l N N 

H e(x) = — E Oty+i - x jf + 2 K£ E x ) + 2^ W ( Xi ~ x i> £ ^ - 3)) > 

j=-N j=-N i,j=-N 

k > 0. Here x = (x-jy, . . . , xjv), xq = 0. Clearly, fi^ — > Mr weakly in the limits k — > 0, 
e — > 0. Expectations with respect to are denoted by E^r- 
We define the 2Nd x 2Nd matrix M K through 

M^jp = Ev (d ia Hd jP H) = E N (d ia d jP H) , (26) 

i,j = — N, ■ ■ ■ ,N, i,j 7^ 0, a, f3 = 1, • • • , d, di a = d/dxi a . Let YTia denote the sum 
i = —N, ■ ■ ■ , N, i 7^ 0, a = 1, • • • , d. Then for real coefficients /j a , gi a one has, by partial 
integration and Schwarz inequality, 



E fio9i<*) = E w((E (E djpdjpH 

i,a i,a j',/3 

<Ejv((E /ia^ta) ) E ^((E 9j/3dj/3H 



Since M K > k > 0, we can set g = (M K ) -1 / to obtain 



) > E* (c^)" 1 )^/**/^- ( 27 ) 
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Prom (|2l)|) one obtains Mf a ^ = Mi a jp + K£8ij5 a /3 with 

N 



n=-N 



where A is the lattice Laplacian with Dirichlet boundary condition at j = 0, Neumann 
boundary condition at j = ±iV, and 

K?(ia,jf3) = E N {d a d(]W{ Xi - Xj ,e(i - j)) , 

d a = d/dx a . In (|27j) we further decrease on the right by substituting (M K + A) -1 for 
(M*)- 1 , A > 0. We now take the limit e -> 0, k 0. Then, for / £ C([-T, T], we 
conclude that 



EAT. 



(^f T f{t)-qtdt^ \ >(f,(A° T + X)- 1 f) (28) 

for all A > 0. Here (•, •) denotes the inner product for L 2 ([— T, T], dt)®C d , Aj* is the linear 
operator 

A° T = -A°> T §1 + B T , 

— A°' T = —d 2 /dt 2 with Dirichlet boundary condition at and Neumann boundary condi- 
tion at ±T, and B T is the integral operator 

B T f a (t) = e r ^c*. *)(/«(*) - /M s ))^ 

with kernel 

K ap(t> s ) = ^Af T (d a d{3W(q t -q s ,t- s)) . 

We take the limit T — > oo in (|28|). For compactly supported /, the left hand side 
converges to Ey\y(( J" dtf(t)-qt) 2 ) by Theorem l2.41 For the right hand side we use a theorem 
by Kurtz (0, Thm. 1.6.1). We consider L 2 ([-T,T]) <g> C d as a subspace on L 2 (M) (8) C d . 
Let ^4° = —A (g) 1 + -B where —A is the Laplacian on L 2 (R) with Dirichlet boundary 
conditions at t = and where 



0=1 

with kernel 



d 

S/«(t) = Y.J K af 3(t,s)(f a (t) - fp( S ))ds 



K a/3 {t, s) = Etf(d a dpW(q t -q„t- s)) . 
Putting K ap = K™ p , we find for all T < oo 



J Kl p (t,s) ds 



\2 
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and 

J K^(t,s)f f3 (s)ds 

By the Schwarz inequality, the L 2 (R)-norm of the right hand side above is bounded 
by ||/Hl2(r) / id (l)' 2 \^\ 2 dk, and thus Bx and B are bounded operators on L 2 (M) <g> C d . 
Since clearly hmr->oo \Bf a (t) — B T f a (t)\ = pointwise, dominated convergence yields 
lim^oo B T f = Bf in L 2 (R d ) g> C for all / G L 2 (R d ) g> C. Now let 

D = {g G L 2 (R) ®C 3 |g Q (0) = 0,g'^ G L 2 ;g a has compact support, a = 1, • • • , d}. 

D is a core for A , and limr^oc ||((-A°' T + A ) ® l)g\\ = 0. Thus also lim^oo^ = 
A°g, and from l|28|l and [5], Thm. 1.6.1 we conclude 

1 f(t)-q t dtf) ^(^(AO + A)- 1 /) (29) 

for A > and / G L 2 (M) ® C d . 

It remains to estimate the right hand side of (|29|) . Let -Kq,^ be the Fourier transform 
of K. K only depends on t — s, since N has stationary increments, thus in Fourier space 
B is multiplication by K(0) — K{uj). Since by assumption @ J* £ 2 |_RT a( g(t)|d£ < oo, there 
exists a constant -Do such that 

K(0) - K{u) < —^D u 2 (30) 

1 + LO Z 

as d x d matrices. Let B be the operator corresponding to the right hand side of (|3*U|) and 
—A + B = A . By operator monotonicity and taking f a — > j5t one achieves 

Ev((7-%) 2 ) ^M^ + A)- 1 ^,*)- (31) 
Let 4 = -A + 5 on L 2 (R). Then, as can be checked directly, 
(A + A)" 1 ^, s) = (A + A)- X (i, a) - [(A + A)^ 1 )(0, 0)] _1 (A + A)- x (0, + A)" 1 ^, 0) . 
^4 is multiplication by u> 2 + (1 + lo 2 )~ 1 Dqu! 2 in Fourier space. Thus by explicit computation 

lim(,4 + A)(M) = (H-A)) -1 !*!- (32) 

A — >0 

Combining (|31[) and 1)32(1 means that there is a constant Co such that Co > and 

IE^((7-ft) 2 ) >c |7| 2 |t| 
for all 7 G R d . Hence D > c > 0. 



s//^i*i , «-<" l ^iftwi**- 
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5 Appendix: Proof of Theorem 12.11 

We will prove Theorem 12 , 1 1 and start with collecting some facts that will be useful later 



on. 



Proposition 5.1 Let Hf and V e be as in Mty) . For each e > there exists a constant C 
independent of q such that 

\\V B ff LHG) < e ||tf f /||i 2(G) + C ||/||| 2(G) (33) 

for all f G D(Hf). H{ + V Q {q) is self-adjoint on D(H{) and bounded below uniformly in q. 

The proof of (|33f) is standard and is most conveniently done in the Fock space representa- 
tion of L 2 (G). We refer to pQ. From l)33|) . the other assertions follow by the Kato-Rellich 
theorem jlUj . 

Apart from the spaces introduced in the paragraph above Theorem 12. 1| we will need 
L°°(R d ,L 2 (G)) = {/:M rf xAC^C:esssup ||/(g,.)|| L2(G) <oc}, 

L°°(R d x AC) = {/ : R d x AC -» C : ess sup f(q, (j>) < oo}, and 

qeR d ,4>eic 

L 2 (R d ,L 2 (G)) = {f :R d x )C^C: J \f(q,<p)\ 2 dqdG(0) < oo}. 

Obviously L°°(R d x AC) C L°°(M d , L 2 (G)). 

We now give two identities connected with the semigroup P% given in 1)11(1 . By the 
Markov property and time reversibility of W and we find 

||Pt/||i 2(G) (q) = E w ® g (/(g_ t ,0_ t )e^^^ (e)d 7fe,^)| 9o = ?) (34) 



for / G L 00 ^^ x AC). As a semigroup of operators on L 2 (R d , L 2 (G)), Pt is self-adjoint and 
strongly continuous, and 

P t f(qA)=e- tH f{q,cp) in L 2 (R d , L 2 (G)), (35) 

where -ff is given by H12j) . In other words, — i? is the generator of Pt in L 2 (R d , L 2 (G)). 
(|35|) is the Feynman-Kac-Nelson formula, and a proof can be given e.g. via the Trotter 
product formula, cf. Note that the content of Theorem 12.11 is to extend (|35|) to the 
spaces Co(R d , L 2 (G)) and T carrying the sup-norm given in (|13j) . 

Proposition 5.2 a) Pt is a semigroup of bounded operators on L°°(R d , L 2 (G)). 
b) Iffe L°°(R d x AC) DC(R d ,L 2 (G)), then P t f G C 6 (IR d , L 2 (G)). 
cj /// G L°°(R d x AC) nC(M d ,L 2 (G))^/ien 

m/-/ll i2 (G)^°0 
uniformly on compact subsets ofR d . 
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Proof: a) We only have to show boundedness of Pt, the semigroup property then follows 
from the Markov property of Q and W. Since \Ptf\ < Pt\f\ pointwise, it is sufficient to 
consider positive functions. At first let / G L°°(M. d x /C). 

Let us fix a path q : [— t, t] — > R d , not necessarily continuous, and define the bilinear 
form 

(f,g) q = J f{q-u^t)e~^ TMe)ds g{qtAt)dG^). 

For two paths q,q, 

I </,*>„ - (f,9)~ q | < ll/IL \\g\LEg (( e -/W.«* - e-JW-tt)*)^ {3Q) 

and an explicit Gaussian integration shows that q i— > (/, g) q is continuous from L°°([—t, t],M.] 
to R. Now let q be continuous, and define 

n-1 

ft = Yl 1tj/n^[tj/n,t(j+l)/n[( s )- 
j=-n 

Then 

(/.j>,w=(/.nc» ^ 

\ J=-n / l 2 (G) 

with 



By Proposition 15.11 e - *^" 1 "^^^ is a bounded operator on L 2 (G) with II e~ *^ iff+v e(«)) II < 
e ta for some a£l. On the other hand, 

S!g(cj>) = e-^ +v ^g{<P) 

in L 2 (G). This is a variant of (|35|) . and can be proven in the same way. Now by the 
Schwarz inequality and repeated use of the operator norm inequality, (|3*7|) yields 

|(/,5) q (n)| <e 2to ||/|| L2(G) (g_ t ) || 5 || i2(G) (q t ) 

for bounded / and g. Since q( n ) — > q uniformly on [— t,t] as n —* oo, this remains valid 
when we replace q*-™-* by q. An application of monotone convergence now gives 

|(/,9> q l<e 2to ||/|| i2(G) (g_ t )|| 5 || L2(G) ( % ) (38) 

for all q G C{R,R d ),f,g G L 2 (G). We use this in (|34j) and have established our first claim, 
b) Let q,r G M d and /,£/ G L°°(R d x /C), and write f r {q,4>) = f(q + r,4>). Then 

ll^/fe-)-^/(9 + r,.)lli 2 (G) = 
= E G (Ce$m [e-^^^ ds f{q u( t> t ) - e-^^r^ds^^ 
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For each path q, each of the terms in the last line above converges to (/, /} as r — > 
by (|36j). (f3*5|) and the continuity of q i— > f(q,.). Thus the integrand converges to zero 
pathwise, and the second claim follows by dominated convergence, 
c) Let 

Q t /(g,0)=E^(/(g t ,^)). 

Then for bounded /, 

||Qt/ - ■ p t/llx°°(R d ,x 2 (G)) °' 
as a calculation similar to the one in (|36j) shows. Therefore we must only show that 
WQtf — / lli 2 (G) vanishes uniformly on compact sets as t — > 0. Let us write ftil-,4 1 ) = 
f(q,(pt)- By reversibility of W and £/ and the Cauchy-Schwarz inequality, 



||Qt/(<Z, •) " /(?, OII^g) < E w (Jl/t(?t. •) " /ofoo, Oiling) 
Moreover, 

ll/tfe,-) -/o(go,-)lli2(g) < ll/t(9t»0 - ft(qa,-)\\ L 2(g) + ll/t(9o.O - /o(go, 0llx2(g) = 

= !!/(<?*, •) - /(go, Olli^G) + H/*07o, - /o(go, Oiling) • 

Thus it is enough to show that 

\\ft(q, ■) ~ fo(q, 011^2(0) *-* uniformly on compacts, (39) 

and 

E VV (ll/(gt)0 _ /(go, -)]lz-2(G)) *^° ' uniformly on compacts,? = 1,2. (40) 

In order to prove (|39[). suppose there exist bounded sequences (g„) C M d , (t„) C M + with 
t n -> 0, and ||/t n (Qn, •) - /o(gn, 011x2(0) > ^ for a11 n - We ma y assume that q n converges 
to q E M. d . Then, with the notation introduced above, 

8 < \\ft n (qn,-) ~ fo(qn,-)\\ L 2 {g) < Wfufan,-)- ft n (q,-)\\ L 2(g ) + 

+ \\ft n (q, - fo(q, 011x3(0) + ll/o(<?> - /o(<?n, Oil = 
= ||/tn(g, - /o(g, 011^(0) + 2 ||/(gn, - /(«, OIIx^g) • 

By choosing no so large that \\f(q n , ■) — f{q, Ollx 2 (G) < 8/3 for all n > no, we find that 
ll/t»(g, - /o(g, 011x2(5) > V 3 for a11 tnese n - However, ||/ tn (g, .) - /o(g, 011x2(8) must 
converge to zero by the strong continuity of the semigroup corresponding to G, thus we 
have a contradiction. To prove (|4Uj). note that q i— > f(q,-) is uniformly continuous on 
compact sets. Thus for e > we may choose (5 > such that ||^*(<7, -) — -)llz, 2 (G) < e /2 
for |g — g| < 5. Now by the properties of Brownian motion, there exists to > such that 
for < t < t , W(\q t ~q\>8)< e/(2 i + 1 ||/|| LOO ). Then E q w (\\f(q t , .) - f(q , -)llzv=(G)) < e 
for such t and uniformly in q, proving (|4()j). □ 

Proposition 5.3 P 4 is a strongly continuous semigroup of bounded operators on Co = 
C (M,L 2 (G)). 
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Proof: We want to use Proposition 15.21 b) and c) for approximation and therefore must 
first show that L°°(R d x K) is dense in C . Let / G C and take f R = (fA -R) V R for 
R > 0. Since L°°(7C) is dense in L 2 (G), for each gGl* 1 and each e > 0, 

= inf{i? > : ||/(g, .) - f R (q, .)||l»(G) < 4 < °°- (41) 

i? 9 (e) is bounded on compact subsets of M d , for otherwise we would find (g ra ) C M rf with 
q n ^ q and i? n = i?q n (e) > n for all n. Choosing n so large that \\f(q n , •) - /(<?, -)ll l 2 (G) < 
e/3 for all n > no, we would have 

e = \\f(qn,-)-f Rn (qn,.)\\ L2{C) < 

< ||/(Sn, •) - f(q, .)llr>(G) + 11/(9, •) " / fl "(9, OIUg) + 11/^(9, •) " f Rn (Qn, )\\ LHG) < 



l 2 (G) Ik vy, j y|| L 2( G ) 

_L9c/') ^ II fin \ — 

(G) 



< ||/(9, •) - f Rn (q, OH^-) + 2^/3 < ||/(?, •) - f n (q, OII^g) + 2e/3 



for each n > no- This implies R q (e/3) = oo, in contradiction to (flTj). Thus -R g (e) is 
bounded on compacts. However, since f £ Co, R q (e) = for |g| large enough, and thus 
R q (e) is bounded on all W 1 . Thus bounded functions are dense in Co- 

Let us now show that Pt leaves Co invariant. From (|34|) and (|38|) we see that 

\\Ptf(q, .)ll i2 (G) < e Ct ^w (ll/(9-t. -)II^(G) ll/(%, OII^Q , 

VV (|gj| > i?) decays exponentially in R for all t, and so does \\Ptf(q, -)IIl 2 (g)- From 
Proposition O b) it follows that P t f G C b (R d , L 2 (G)), and thus P t / G C for / G C n 
L°°(M. d x /C). By Proposition 15.21 a) and approximation, we obtain PtCo C Co- In a similar 
way, we obtain strong continuity from Proposition 15.21 c) . □ 

Proposition 5.4 Pt is a strongly continuous semigroup of bounded operators on T. 

Proof: Let / G T. By the invariance of Q under the map <fi i— ► r q <j) for each g G M rf and the 
translation invariance of Wiener measure, 

(P t f){qA) = ^tg( e ~ S ° TqsMs)d %t u ~ 1 fttt)) = 

= U (E°4 6 (e-^^^ d % t U' l f{^))) 

and thus P^/ G T. It is easy to see that L°° n T is dense in T. Strong continuity then 
follows from Proposition 15.21 c) and (|14|). □ 

It remains to show that the generator of Pt is given by —H, with PT from 1)121) . Write 
—Hc Q for the generator in Co and — Hj- for the generator in T. If / G D(Hq-) or / G 
D(Hc ), then /# G D(Hc ) for each g G C 2 (M rf ,C) with compact support, and /g G 
D(H L 2), where H L 2 is the generator of Pt as a semigroup on L 2 (R rf , L 2 (G)). By the 
Feynman-Kac-Nelson formula (|35|). we have H L 2fg = Hfg almost everywhere, and thus 
also Hc fg = —Hfg in L°°(]R rf , L 2 (G)). Since Hq-, Hc and H are local in g, we may now 
use a smooth partition of unity to conclude Hq-f = Hc f = Hf. H is obviously symmetric 
in T, and is thus self-adjoint as the generator of a strongly continuous semigroup. The 
proof of Theorem I2.1l is completed. □ 
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